Abstract: An asymptotic approach to the linear problem of regular water waves interacting with a vertical cylinder of an arbitrary cross section is presented. The incident regular wave was one-dimensional, water was of finite depth, and the rigid cylinder extended from the bottom to the water surface. The nondimensional maximum deviation of the cylinder cross section from a circular one plays the role of a small parameter of the problem. A fifth-order asymptotic solution of the problem was obtained. The problems at each order were solved by the Fourier method. It is shown that the first-order velocity potential is a linear function of the Fourier coefficients of the shape function of the cylinder, the second-order velocity potential is a quadratic function of these coefficients, and so on. The hydrodynamic forces acting on the cylinder and the water surface elevations on the cylinder are presented. The present asymptotic results show good agreement with numerical and experimental results of previous investigations. Long-wave approximation of the hydrodynamic forces was derived and used for validation of the asymptotic solutions. The obtained values of the forces are exact in the limit of zero wave numbers within the linear wave theory. An advantage of the present approach compared with the numerical solution of the problem by an integral equation method is that it provides the forces and the diffracted wave field in terms of the coefficients of the Fourier series of the deviation of the cylinder shape from the circular one. The resulting asymptotic formula can be used for optimization of the cylinder shape in terms of the wave loads and diffracted wave fields.
Introduction
Prediction of wave forces is important to engineers for the design of offshore and coastal structures. Floating airports, bridge pylons, semi-submersibles, and tension leg platforms are typical examples of such structures. For large-scale structures, one should take the diffraction effects into account. The potential wave theory is usually used to estimate the wave loads.
The wave-body interaction is a three-dimensional and nonlinear problem with a position of the free surface of the liquid that is unknown in advance and an unknown wetted surface of the body. The problem can be linearized for waves of small amplitude compared with the water depth, wave length, and linear size of the body. Within the linear theory of water waves, the free surface boundary conditions are linearized and imposed on the equilibrium level of the water surface. Viscous effects and surface tension of the liquid are important for short water waves with relatively high frequency. For large dimensions of offshore structures and moderate wave length, both viscous and capillary effects can be neglected at leading order. The resulting linear problem of wave theory is additionally simplified if the water depth is constant and the structure is a vertical cylinder extending from the flat sea bottom to the free surface. Such cylinders represent legs of offshore platforms and piles of offshore wind turbines. Offshore platforms are used for exploration of oil and gas from under the seabed and processing. A general offshore structure has a deck that is supported by deck legs. The hydrodynamic forces acting on these legs are of major concern to engineers because the design of the legs is dominated by wave loads. In many applications, the cylinders have circular cross sections, but not necessarily.
One of the first studies of diffraction of plane water waves by stationary obstacles with vertical sides was performed by Havelock (1940) for water of infinite depth. Results were obtained for cylinders of circular and parabolic sections. Cylinders of ship forms were also studied by Havelock (1940) using some approximations with applications to a ship advancing in waves. The draught of the ship was assumed infinite. Havelock (1940) noticed that, for periodic linear water waves and obstacles with vertical sides, both time and the vertical coordinates can be separated from the problem, and the original problem of water waves can be reduced to the two-dimensional problem of plane sound waves diffracted by the two-dimensional rigid body representing the cross section of the vertical cylinder. Then, known results from diffraction problems of sound and electromagnetic waves can be transferred and applied to the problem of water waves diffracted by a vertical cylinder. MacCamy and Fuchs (1954) extended this approach to water of finite constant depth and a surface-piercing vertical circular cylinder. Chen and Mei (1971) solved the water wave diffraction problem for a vertical elliptic cylinder. The elliptic cylindrical coordinates and the method of separating variables were used to find the velocity potential in terms of an infinite series of Mathieu functions. In another study, Chen and Mei (1973) investigated the same problem using long-wave approximation. Numerical results were also presented for a ship-like body. Williams (1985) used two different methods to solve the diffraction problem for elliptic vertical cylinders. One method used the two-term asymptotic expansions of the exact solution for the forces and moments acting on the elliptic cylinder with small eccentricity. The second method was the integral equation method. It was concluded that the asymptotic method gives good results for small wave numbers. In a recent study by Liu et al. (2016) , wave diffraction by a uniform bottom-mounted cylinder with an arbitrary cross section was numerically studied. The velocity potential was sought in the form suggested by MacCamy and Fuchs (1954) for a circular cylinder. However, the coefficients in the Fourier series for diffracted waves were determined by using the body boundary condition for the noncircular cylinder. In this numerical method, the body boundary condition was satisfied approximately by the Galerkin method. Fourier series were used to represent the cross sections of the cylinders and the free surface elevation. As a practical application of this numerical method, the wave forces and wave run-up on quasi-elliptic caisson foundations of a cross-strait bridge pylon were investigated. These numerical results are used in the present paper for validation of the authors' asymptotic solutions.
There are two main approaches to the numerical treatment of the diffraction problem of cylinders with arbitrary cross section. One is the integral equation method developed by Hwang and Tuck (1970) in the investigation of harbor resonance. Isaacson (1978) applied this method to calculations of wave forces on cylinders used in offshore structures. The method is based on source or source-dipole distribution and Green's theorem. The resulting Fredholm integral equation (the second approach) for the velocity potential is solved by discretizing the cylinder contour into small segments. This method was also used by Mansour et al. (2002) and Wu and Price (1991) . Wu and Price (1991) calculated wave drift forces acting on multiple vertical cylinders of arbitrary cross sections. The boundary element method was developed by Au and Brebbia (1983) for the diffraction problem of vertical cylinders. This method is based on the Galerkin weighted residual formulation. After obtaining the integral equation, the boundary of the cylinder is discretized into boundary elements that are chosen to be constant, linear, or quadratic. The boundary element method was applied to the cylinders of circular, elliptic, and square cross sections. Au and Brebbia (1983) obtained the wave forces acting on a square cylinder and compared their results with the experimental and numerical results of Mogridge and Jamieson (1976) . The agreement between the numerical, experimental, and theoretical predictions of the hydrodynamic forces acting on the square cylinder was shown to be fairly good. Approximation of equivalent circular radius was used by Mogridge and Jamieson (1976) . In this approximation, the horizontal hydrodynamic force acting on a vertical cylinder is approximated by the force acting on the circular cylinder with the same area as its cross section. The boundary element method of Au and Brebbia (1983) was used by Zhu and Moule (1994) in the problem of short-crested wave interaction with vertical cylinders with arbitrary cross sections. The boundary element method for the diffraction problem of vertical and horizontal cylinders is explained in detail by Wrobel et al. (1985) .
Numerical methods such as the integral equation method and the boundary element method can be used to solve the diffraction problem for vertical cylinders with an arbitrary section. However, in some cases, these numerical methods are not preferable, such as when evaluating free surface integrals in the second-order diffraction problem of vertical cylinders (Eatock Taylor and Hung 1987) . The free surface integral converges slowly, and the values of the first-order potential have to be evaluated many times, which is not possible with the integral equation methods. Also, the integral equation methods require quite fine discretization of the boundary of the cylinder, which could be tedious and is the source of errors. The method of the present paper, which was originally proposed by Mei et al. (2005) , can deal with geometries with arbitrary cross sections with little effort.
In this paper, linear water waves scattered by a vertical cylinder with an arbitrary cross section extending from the sea bottom to the free surface in water of finite depth were studied by asymptotic methods. The nondimensional maximum deviation of the cylinder cross section from a circular one plays the role of a small parameter of the problem. A fifth-order asymptotic solution of the problem was obtained. Numerical calculations of the diffracted velocity potential, the forces acting on the cylinder, and the diffracted wave field were reduced to operations with the Fourier coefficients of the shape function, which describes the cross section of the cylinder, and the velocity potentials on the cylinder surface at each order of approximation. It is shown that the first-order velocity potential is a linear function of the Fourier coefficients of the shape function of the cylinder, the second-order velocity potential is a quadratic function of these coefficients, and so on. The obtained solution makes it possible to formulate and solve two practical problems in terms of the Fourier coefficients of the shape function: optimization of the shape of the cylinder and identification of the cylinder shape by using a measured wave field far from the cylinder. The asymptotic approach of this paper was applied to calculations of the hydrodynamic forces acting on elliptic, quasi-elliptic, and square cylinders. The comparisons of the asymptotic forces with available numerical and experimental results by others demonstrate good accuracy of the present approach. Long-wave approximation of the hydrodynamic forces is obtained and used for validation of the asymptotic solution.
Note that Mei et al. (2005) were concerned with the leading order corrections to the forces caused by small deviation of a vertical elliptic cylinder from the circular one. A similar perturbation approach was used by Mansour et al. (2002) for vertical cylinders with a cosine-type radial perturbation of the cylinder cross section. The leading order corrections to the forces were obtained and compared to the numerical results by the integral equation method. It was shown that the agreement is good for small perturbation amplitude. In contrast to the perturbation analysis by Mansour et al. (2002) , the present asymptotic approach is not restricted to a particular cylinder shape, and a fifth-order approximation of the solution was obtained. This paper shows that the fifth-order asymptotic solution makes it possible to consider even such noncircular cylinders as square ones and to obtain accurate results in terms of the hydrodynamic forces.
The present asymptotic approach can be extended to truncated vertical cylinders and oscillating rigid and elastic cylinders of arbitrary cross sections, as well as to submerged horizontal cylinders in plane incident waves. The diffraction problem of a truncated vertical cylinder with a circular cross section of radius a was solved by Garrett (1971) . In that paper, both the incident and diffracted waves were expanded in Bessel functions in the interior region (r < a) and in the exterior region (r > a), and then these two solutions and the derivatives of the solutions were matched at the boundary (r = a). Black et al. (1971) used a variational formulation and a theorem due to Haskind to calculate wave forces on a stationary body using only far-field properties. Yeung (1981) used the same method to solve the radiation problem for a truncated vertical cylinder with a circular cross section. In the case of deep water, the multipole expansions are usually convenient to describe the velocity potential for wave diffraction and radiation. Ursell (1950) used a series of complex potential functions arising from multipoles at the center of the cylinder to solve the problem of the generation of surface waves by a submerged circular cylinder. Thorne (1953) investigated the motion arising from line and point singularities using multipole expansion method in deep and shallow waters. Two-dimensional multipoles were developed in a systematic way for submerged and floating cylinders by Eatock Taylor and Hu (1991) . The application to arbitrary body shapes was accomplished by coupling the multipole expansion with a boundary integral method.
The outline of the paper is as follows. Mathematical formulation of the problem and its solution for a vertical circular cylinder are given in the next section. The fifth-order asymptotic solution of the problem is described in the "Vertical Cylinders with Nearly Circular Cross Sections" section. Each approximation of this asymptotic solution is obtained by operating with the Fourier coefficients of the shape function and the velocity potentials of the lowerorder approximations. The asymptotic approach is applied to elliptic cylinders in waves, and the obtained results are compared with the numerical results of Williams (1985) in the "Hydrodynamic Force on Elliptic Vertical Cylinder" section. In the next section, the present approach is applied to square cylinders, and the obtained results are compared with experimental results by Mogridge and Jamieson (1976) in terms of the horizontal forces acting on square cylinders. In the section "Hydrodynamic Force on Quasi-Elliptic Vertical Cylinder," the results of the present asymptotic method are compared with the three-dimensional solution of the Navier-Stokes equations by Wang et al. (2011) . The wave force and run-up values for cylinders with circular, elliptic, quasi-elliptic, and square cross sections with the same cross-sectional area are compared. In the next section, the wave force and wave run-up on cylinders with cosine-type perturbations of their cross sections are studied and compared with the numerical results by Mansour et al. (2002) and Liu et al. (2016) . Asymptotic behavior of wave forces for long waves is studied in the section "Long Wave Approximation of Wave Forces" for cylinders with arbitrary cross sections. The findings of the analysis are summarized and conclusions are drawn in the last section of this paper.
Formulation of the Problem
Diffraction of two-dimensional water waves by a vertical cylinder with an almost circular cross section is studied within the linear wave theory. The problem is formulated in a polar coordinate system (r,u ,z) where the z-axis points vertically upward. The plane z = -h corresponds to the sea bottom, and the plane z = 0 corresponds to the mean level of water surface. The rigid cylinder extends from the sea bottom to the free surface. The cross section of the vertical cylinder is described by the equation r ¼ R½1 þ ɛf ðu Þ, where R is the mean radius of the cylinder, and « is a small nondimensional parameter of the problem. The top view of the studied configuration is shown in Fig. 1 . The smooth and bounded function f (u ) describes the deviation of the shape of the cylinder from the circular one. A one-dimensional incident wave of amplitude A and wave frequency v propagates at angle a to the positive x-axis from -1 toward the cylinder. Within the linear wave theory (Mei et al. 2005) , the wave field is described by a velocity potential Uðr; u ; z; tÞ. For a vertical cylinder with an arbitrary cross section, the velocity potential is expressed only through the propagating wave mode
where i ¼ ffiffiffiffiffiffi ffi À1 p ; and RefAg = real part of a complex number (A). The complex-valued function f ðr; u Þ satisfies the Helmholtz equation
in the flow region, the far-field condition f $e ikr cos ðu ÀaÞ ðr ! 1Þ
and the boundary condition on the surface of the cylinder
where n = unit outward normal vector to the surface of the cylinder; g = gravitational acceleration; k = wave number; k ¼ 2p =λ; and l = length of the incident wave. The wave number k is related to the wave frequency v by the dispersion relation v 2 ¼ gktanh ðkhÞ,
The hydrodynamic force FðtÞ ¼ ðF x ; F y Þ acting on the vertical cylinder is obtained by integration of the dynamic pressure pðr; u ; z; tÞ ¼ Àr ∂U=∂t over the wetted part of the cylinder 
where @D = boundary of the cylinder cross section; r ¼ R½1 þ ɛf ðu Þ; and ds = small element of this boundary. The nondimensional force scaled with r gAp a 2 tanh ðkhÞ is denoted by tilde. Here, a is a characteristic dimension of the vertical cylinder cross section, which can be different from R. The components of the nondimensional force are given bỹ
Àiv t Þ;F y ðtÞ ¼ ReðF y e Àiv t Þ (6)
Note that the phases ofF x andF y depend on the position of the origin (O) of the coordinate system ( Fig. 1 ), but the moduli jF x j and jF y j are independent of the coordinate system.
The elevation of the free surface z ¼ h ðr; u ; tÞ is related to the unknown potential f ðr; u Þ by the linear kinematic boundary condition h t ¼ U z ðr; u ; 0; tÞ, which gives
The far-field condition Eq. (3) and Eq. (9) provide the assumed shape of the incident wave h I ðr; u ; tÞ
where h I ð0; u ; tÞ ¼ A sin ðv tÞ at the origin of the coordinate system. The maximum elevation of the water surface at the cylinder per the wave period is known as the wave run-up 4ðu Þ. The wave runup is scaled in this paper with the wave height 2A. Eq. (9) yields 4ðu Þ=2A ¼ jf ðr; u Þj=2, where r ¼ R½1 þ ɛf ðu Þ. The wave runup and its dependence on the shape of the cylinder are important in the design of offshore structures, where the wave run-up should not exceed the elevation of the wet deck of an offshore structure above the mean water level. Wave run-up on offshore structures could be much higher than that predicted by the linear wave theory (De Vos et al. 2007; Lykke Andersen et al. 2011) . Nonlinear waves with a steep front or breaking in front of the structure produce a thin runup sheet and spray near the structure, increasing the run-up. The run-up can be also affected by aeration of water near the structure due to the wave breaking, in particular. Many nonlinear physical effects near the structure are not included in the present linear model. However, it can be shown that these effects provide small contributions to the hydrodynamic structure (Iafrati and Korobkin 2006; Korobkin and Malenica 2007; Korobkin 2008 ) and the diffracted wave field.
Eqs. (2)- (4) for an arbitrary vertical cylinder can be solved numerically only. The analytical solution is well known for the circular cylinder r = R (MacCamy and Fuchs 1954). In this study, this solution corresponds to the leading-order velocity potential of Eqs. (2) 
Here 2i
Àm log 2m ekR
as m ! 1. Therefore, Eq. (12) converges exponentially, and only a few terms are needed to calculate the potential f 0 ðR; u Þ and its derivatives in u with good accuracy. Eqs. (12) and (7) provide the total nondimensional hydrodynamic force acting on the circular cylinder in the incident regular wave with a ¼ 0 and a = R (Mei et al. 2005 )
The force formula similar to Eq. (14) for ɛ > 0 and a given function [f ðu Þ] describing the cross section of a noncircular vertical cylinder are determined here.
Vertical Cylinders with Nearly Circular Cross Sections
Asymptotic methods are used to find an approximate solution for Eqs. (2)- (4) as ɛ ! 0. The derivatives ∂f =∂u and ∂f =∂r in the boundary condition [Eq. (4)] on the surface of the cylinder
are approximated by their Taylor series up to Oðɛ 5 Þ at r = R, and then the fifth-order asymptotic expansion of the potential f ðr; u Þ
is substituted in the boundary condition. The resulting approximation of Eq. (4) is
where the functions f n ðr; u Þ and their derivatives are calculated at r = R. At the leading order as ɛ ! 0, Eq. (16) provides f 0;r ðR; u Þ ¼ 0. This is the boundary condition that leads to the solution Eq. (11) for the circular cylinder. At the first order, Eq. (16) gives
The unknown potentials f n ðr; u Þ; n ¼ 0;1;2;3;4; in Eq. (15) satisfy Eq. (2). This equation is used, in particular, to calculate the second derivative f 0;rr and to write Eq. (17) in terms of f 0 ðR; u Þ given by Eq. (12) and its derivatives in u
Note that the wave number k now appears in the boundary condition for the potential f 1 ðr; u Þ.
Equating the terms in Eq. (16) with ɛ 2 ; ɛ 3 , and ɛ 4 to zero, the boundary conditions for the potentials f 2 ; f 3 , and f 4 are obtained, respectively. These boundary conditions have the form ðn ¼ 1;2;3;4Þ f n;r ðR; u Þ ¼ G n ðu Þ
where G n ðu Þ = sums of the products of the functions f ðu Þ; f 0 ðu Þ; f 0 ðR; u Þ,…, f nÀ1 ðR; u Þ and derivatives of the potentials f 0 ðR; u Þ,…, f nÀ1 ðR; u Þ in u . Starting from the solution Eq. (12) for the circular cylinder and a given function f ðu Þ, the right-hand side G 1 ðu Þ in Eq. (18) is calculated, and then the outward-propagating wave solution f 1 ðr; u Þ of Eq.
(2) subject to the boundary condition Eq. (18) on the circular cylinder r = R is determined. By using the obtained potential f 1 ðr; u Þ, G 2 ðu Þ is calculated and f 2 ðr; u Þ is determined, and so on. The boundary value problems for the potentials f n ðr; u Þ are identical and differ only by functions G n ðu Þ in the body boundary condition [Eq. (19) ]. By using the Fourier series of the functions G n ðu Þ
the potentials are given by (15) ] of the problem is obtained by operating with the Fourier coefficients of the potentials f n ðR; u Þ and the function f ðu Þ, which describe the shape of the vertical cylinder. Summation and differentiation of Fourier series are straightforward operations. The multiplication of two Fourier series
where (Fichtenholtz 2001 )
Calculations of the componentsF x andF y of the hydrodynamic force acting on the vertical cylinder and the diffracted waves far from the cylinder can also be reduced to operations with the Fourier coefficients of the function f ðu Þ and the potentials f n ðR; u Þ. For example, the integrand ofF x in Eq. (7) can be approximated as
The nondimensional x-component of the force is given bỹ
where S Far from the cylinder (r ) R), Eq. (21) provides
The functionsf n ðu Þ; n ! 1 depend on the Fourier coefficients f ðcÞ m ; f ðsÞ m ; m ! 0 of the function f ðu Þ. This dependence is linear for f 1 ðu Þ and quadratic forf 2 ðu Þ. The obtained asymptotic formula for the diffracted wave field can be used to determine the shape of a vertical cylinder by using the wave measurements far from it.
Assume that the incident wave and the diffracted wave field (elevation of the water surface) far from a cylinder are known. Assume that the cylinder is vertical but the shape of its cross section and the position of the cylinder are not known. By analyzing the measured diffracted wave field and the derived first-order approximation of the potential
one can estimate the radius of the cylinder (R), the position of its center, the scale of its surface perturbation « , and the Fourier coefficients f ðcÞ m and f ðsÞ m of the deviation f ðu Þ of the cylinder cross section from the circular one. This problem of the cylinder identification is not considered in this paper. The algorithm of this study relates the functionf 1 ðu Þ and the shape function f ðu Þ, which is crucial for efficient solution of the identification problem. In some problems, the shape function can also depend on the small parameter « {r ¼ R½1 þ ɛf ðu ; ɛÞ} and can be approximated as
The asymptotic expansion [Eq. (29)], where each function f n ðu Þ is presented by its Fourier series, is substituted in Eq. (16), and one again arrives at the boundary conditions in the form of Eq. (19) but with different functions G n ðu Þ. In particular, f ðu Þ is changed to f 0 ðu Þ in Eq. (18). The expansion [Eq. (29) ] is used in the next section to find an approximate solution of the problem for an elliptic cylinder with a small eccentricity.
Hydrodynamic Force on Elliptic Vertical Cylinder
To validate the algorithm of the present paper, which is based on the asymptotic formula and operations with the Fourier coefficients, the algorithm is applied to the problem of elliptic vertical cylinders. This problem was solved by Chen and Mei (1971) by series of the Mathieu functions and elliptic coordinates, and by Williams (1985) using the method of integral equation on the boundary of the cylinder. Williams (1985) also used the asymptotic behaviors of the Mathieu functions to derive an asymptotic formula for the total force components when the eccentricity of the elliptic section is small.
In this section, the vertical cylinder with elliptic cross section of small eccentricity e ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi 1 À b 2 =a 2 p , where a is the semimajor axis and b is the semiminor axis of the elliptic cross section, is considered. The equation of the ellipse in the polar coordinates (r; u ) with the origin at the focus of the ellipse reads
Taking the eccentricity e as a small parameter of the problem ɛ ¼ e and calculating the Fourier coefficients of the right-hand side in Eq. (30), one obtains
Comparing Eq. (31) with the equation of the cylinder in the present analysis {r ¼ R½1 þ ɛf ðu ; ɛÞ} and expansion [Eq. (29)], one finds
The nondimensional force componentsF x andF y are calculated by the present algorithm using Eq. (26), Eq. (12) for the potential f 0 ðR; u Þ on the cylinder at the leading order, and Eq. (21) for the higher-order potentials f n ðR; u Þ; where n ¼ 1;2;3;4. The modulus of the force components jF x j and jF y j is calculated by the fifth-order approximation [Eq. (15)] and by the third-order approximation, keeping only three terms in Eq. (15). The forces are calculated for 0 < ka < 4 and the eccentricity e ¼ 1=2. The obtained forces are compared with the results by Williams (1985) in Figs. 2(a and b) .
For this range of ka, it was found that the five terms in Eqs. (12) and (21) provide accurate results. At the end of each operation with the Fourier series, the resulting series was truncated to five terms with cosines and five terms with sines. Note that the forces were computed by Williams (1985) by two different methods, depending on the value of the product ka. For large ka, the forces were computed by the boundary element method, and for small ka, the solution was found in the series form involving Mathieu functions. In the boundary element method, the elliptic contour was divided into 120 elements. Because of problems with convergence of the series of the Mathieu functions, Williams (1985) used the asymptotic formula of these functions for small eccentricity e and obtained fifthorder approximations of the force components up to Oðe 5 Þ terms. The formulas for the coefficients in the asymptotic formula by Williams (1985) are collected in the four-page appendix at the end of that paper. The approach of the present paper is more straightforward and provides the approximations of the force components of the same order as by Williams (1985) for small eccentricity. The Mathieu functions in the infinite series solution depend on the parameter q ¼ ðkaeÞ Williams (1985) is shown by the solid line, and the present asymptotic solutions of the third order and fifth order are shown by the square and triangle markers, respectively) that the present asymptotic fifth-order solutions is very close to the forces computed by Williams (1985) . The present asymptotic solution in the long-wave approximation (ka ! 0) provides
for a ¼ 0 and
for a ¼ 90 : The asymptotic formulas [Eqs. (32) and (33)] coincide with those derived by Williams (1985) .
Hydrodynamic Force on Square Vertical Cylinder
Let equation r ¼ a Fðu Þ describe the square, x ¼ 6a; Àa < y < a and y ¼ 6a; Àa < x < a; in the polar coordinates, x ¼ r cos u and y ¼ r sin u : The Fourier coefficients of the function Fðu Þ; 0 u 2p ; are determined, and then the corresponding Fourier series is converted into the form r ¼ R½1 þ ɛf ðu Þ, identifying values of R; ɛ, and the function f ðu Þ. Then, the approach in the section "Vertical Cylinders with Nearly Circular Cross Sections" gives the components of the total hydrodynamic force acting on the square cylinder.
A square has four lines of symmetry:
The Fourier series of the function Fðu Þ contains only cos ð4mu Þ; m ! 0
The maximum value of Fðu Þ is ffiffi ffi 2 p ; which gives ɛ ¼ 2 ffiffi ffi 2 p = F 0 À 1 % 0:26 and jf ðu Þj⩽1; where
where f 1 = −0.5357; f 2 = 0.1689; f 3 = −0.0801; f 4 = 0.0463; and f 5 = −0.03. The shapes given by the equation r ¼ R½1 þ ɛf ðu Þ with three terms (dashed line) and 10 terms (solid line) retained in the series [Eq. (34) ] are shown in Fig. 3 . It is seen that the approximation of the square cross section with only three terms in the series [Eq. (34) ] is reasonably good. Hydrodynamic forces acting on a square caisson have been studied by Mogridge and Jamieson (1976) . They performed experiments with a 30:48 Â 30:48 À cm ð12 Â 12 À in:Þ square box in a wave flume 3:65 m (12 ft) wide, 1:37 m (4.5 ft) deep, and 49:3 m (162 ft) long. The hydrodynamic forces for a ¼ 0 were measured and compared with the predictions by the theory of equivalent circular radius. In this theory of equivalent circular radius, the horizontal hydrodynamic force on a vertical cylinder with the area of its cross section jDj is approximated by the force acting on the circular cylinder of radius R e , where the area of the circular cross section p R 2 e is equal to the area jDj. For the square-shape vertical cylinder with jDj ¼ ð2aÞ 2 , one obtains R e ¼ 2a= ffiffiffiffi p p % 1:1283a. It is seen that the equivalent radius R e is very close to the radius R % 1:1222a calculated earlier by using the Fourier series. The computed hydrodynamic forces acting on the square vertical cylinder with a ¼ 0 are shown in Fig. 4 . The fifth-order approximation [Eq. (15)] was used. Note that ɛ 5 < 0:0012. Representing the square with four terms in Eq. (34) and truncating the Fourier series of the potentials f n ; n ¼ 0;1;2;3;4, in Eq. (21) to 16 terms, the force shown by the dashed line is obtained. The computed force is very close to the experimental results by Mogridge and Jamieson (1976) , which are shown by markers. Keeping just one term in Eq. (34) and four terms in the Fourier series [Eq. (21)], one arrives at the solid line, which is very close to the prediction of the force with four terms in Eq. (34), where 1 ka 4, but underpredicts the force in the interval 0 ka 1. The force predicted by the equivalent circular radius theory of Mogridge and Jamieson (1976) is shown by the dotted line in Fig. 4 . This prediction of the force is very close to the present asymptotic force with one term in Eq. (34), where 0 ka < 2. The authors conclude that more terms in Eq. (34) provide a better approximation of the experimental force for long waves but do not improve the prediction of the hydrodynamic force for short waves.
Hydrodynamic Force on Quasi-Elliptic Vertical Cylinder
A quasi-ellipse consists of a rectangular part in the center and two semicircular parts at the front and back [ Fig. 5(a) ]. In Fig. 5(a) , D=2 is the radius of the semicircles, and B is the length of the rectangular part.
Let r ¼ Fðu Þ describe the quasi-ellipse in Fig. 5(a) in the polar coordinates, x ¼ r cos u and y ¼ r sin u , where
The Fourier coefficients of the function Fðu Þ; 0 u 2p are determined, and then the corresponding Fourier series is converted into the form r ¼ R½1 þ ɛf ðu Þ, identifying values of R; ɛ, and the function f ðu Þ: Then, the approach in the section "Vertical Cylinders with Nearly Circular Cross Sections" gives the components of the total hydrodynamic force acting on the quasi-elliptic cylinder.
A quasi-ellipse has two lines of symmetry, FðÀu Þ ¼ Fðu Þ; and
Hence, the Fourier series of the function Fðu Þ contains only cos ð2mu Þ; m ! 0 . It is seen that the approximation for the quasi-elliptic cross section with eight terms in the series Eq. (35) is reasonably good. Wang et al. (2011) developed a three-dimensional time domain method to solve the Navier-Stokes equations including viscosity and nonlinear effects. Wave forces on the quasi-ellipse caisson were calculated and compared with the results of Wang et al. (2011) (Fig. 6) . For comparison purposes, the vertical axis in Fig. 6 is chosen as Fig. 6 shows that there is a small discrepancy between the present results and the results of Wang et al. (2011) , which can be attributed to the effect of viscosity and nonlinearity considered in the Navier-Stokes formulation of Wang et al. (2011) . Fig. 6 shows that the present approach gives slightly smaller values for wave forces compared with the Navier-Stokes computations. However, the present model can still be used to make a quick study to identify critical wave numbers and directions as input to more detailed and computationally more expensive Navier-Stokes computations.
For the incident wave propagating at an angle a to the positive x-axis, the wave force and the maximum wave run-up are computed and compared for cylinders of circular, elliptic, quasi-elliptic, and square cross sections (Fig. 7) with the same cross-sectional area. The forces and maximum run-ups for a ¼ 0 are compared in Figs. 8(a and b), respectively. Fig. 8(a) shows that the wave force is smallest for the cylinder with a quasi-elliptic cross section, and Fig. 8(b) shows that maximum nondimensional wave run-up is highest for the square cylinder. For the incident wave propagating at angle a ¼ 90 to the positive x-axis (Fig. 7) , wave forces for elliptic and quasi-elliptic cylinders are higher than for a ¼ 0 . This can be attributed to the larger projected area normal to the flow of these cylinders for a ¼ 90
. The computations for a ¼ 90 provide that the wave force is highest for the cylinder with a quasi-elliptic cross section, and the maximum nondimensional wave run-up is highest for the quasi-elliptic cylinder, where 0 < ka < 1:1, and for the square cylinder, where 1:1 < ka < 4. The figures for the latter case is not included. It is concluded that the forces are dependent on angle of wave incidence a with the corresponding corrections of order OðɛÞ [see Eq. (26) 
where N = positive integer. The cross sections of the cylinders in Eq. (36) are shown in Fig. 9 for R = 1 m, ɛ ¼ 0:05, and N ¼ 1;2;3;4;5;6. Mansour et al. (2002) derived the leading-order corrections to the forces acting on the cylinders Eq. (36) as ɛ ! 0, and to the maximum nondimensional run-up 4 max =2A for these cylinders. They also computed the hydrodynamic forces and wave run-ups by the method of boundary integral equation and compared their numerical and first-order asymptotic results. They concluded that the first-order asymptotic solutions agree well with the numerical solutions in the range 0 ɛ 0:05. The higher-order asymptotic solution of the To compare the forces computed by Mansour et al. (2002) with the results of the present method, the forces in Eqs. (7) and (8) . It is seen that the present fifth-order asymptotic solution provides a wave run-up almost identical to the numerical solution for ɛ ¼ 0:05. This conclusion is also true for ɛ ¼ 0:1 (Fig. 11) for both the force and the maximum run-up as functions of the nondimensional wave number kR. Note that the first-order asymptotic solution cannot be used for ɛ ¼ 0:1.
The present method is restricted to vertical cylinders whose cross sections are close to a circle. Liu et al. (2016) numerically solved Eqs. (2)-(4) with no restriction on the shape of the cylinder cross section. The method they used is not an asymptotic method but a Fourier series method combined with the Galerkin method to satisfy the body condition [Eq. (4)]. However, the authors reported some difficulties with the system of equations they obtained. The system is ill posed for some cases after truncating the infinite system of equations. Despite the reported difficulties, their results show good agreement with numerical results by Mansour et al. (2002) . The present method deals only with multiplication and summation of Fourier series to find the unknown potentials f n ; n ¼ 1;2;3;4, so the present method is stable in solving the wave diffraction problem for vertical cylinders.
The effect of the truncation of the Fourier series Eqs. (12), (21), and (22) on the performance of the present asymptotic solution is demonstrated by Figs. 12 and 13 . Let the number of terms m vary from 1 to p in Eqs. (21) and (22). After each multiplication of two Fourier series, the resulting Fourier series is truncated to p terms. The system of the equation in the method of Liu et al. (2016) is truncated in a similar way because Fourier series are used to represent the body shape and the velocity potential. Liu et al. (2016) recommended p = 20 for any shapes of the cylinders with cosine-type section. It was observed that p = 12 in the present asymptotic solution provides good agreement with the numerical results by Liu et al. (2016) . Even p = 6 in the present method provides a very reasonable agreement with the numerical force and maximum run-up. The distributions of the wave run-up along the cylinder are shown in Fig. 13 for p = 20 in the computations by Liu et al. (2016) and p = 6, 12 in the present calculations. The predictions of the wave run-up by the present method are good even for waves with kR = 4.
Long-Wave Approximation of Wave Forces
The formula [Eq. (5)] for the hydrodynamic force FðtÞ acting on a vertical cylinder with cross section D can be simplified for long waves, where ka ! 0 and a is a characteristic dimension of the cylinder cross section. The ideas by Haskind (1973, Chapter 2) are used here, who expressed the forces as integrals of the potential of the incident wave, three radiation potentials, and their normal derivatives on the cylinder. The radiation potentials describe waves generated by the cylinder oscillating in x-and y-directions and due to torsional oscillation of the cylinder. Haskind (1973) also introduced generalized added masses and damping coefficients of vertical cylinders as functions of the nondimensional wave number ka. The generalized added masses For the square cylinder with side 2a, jDj ¼ 4a 2 and m xx % 1:51rpa 2 , which givesF x ð0Þ % ð4=p Þ þ 1:51 % 2:7832: The fifth-order approximation from the section "Hydrodynamic Force on Square Vertical Cylinder" with four terms in Eq. (34) gives jF x ð0Þj % 2:736, and just one term in Eq. (34) gives jF x ð0Þj % 2:563. The latter value is close to that predicted by the theory of equivalent circular radius (Fig. 4) . Therefore, the theory by Mogridge and Jamieson (1976) underpredicts the force for long waves by approximately 8.5%.
Conclusion
An asymptotic approach to the linear problem of regular water waves interacting with a vertical cylinder with an arbitrary cross section was presented. The incident regular wave is onedimensional, water is of finite depth, and the rigid cylinder extends from the bottom to the water surface. Deviation of the cylinder surface from a mean circular cylinder is assumed small compared with the radius of the mean circular cylinder. The fifth-order asymptotic solution of the problem was obtained. Each term in the asymptotic expansion of the velocity potential is the solution of a radiation problem for the circular cylinder. These radiation problems differ only by the value of the normal derivative of the corresponding potential on the surface of the circular cylinder. The radiation problems were solved by the Fourier method. The numerical solution of the problem was reduced to operations with the Fourier coefficients of the potentials and the shape function. The numerical algorithm was applied to the problems of wave diffraction by 
